
Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalInformation?journalCode=gipe20

Inverse Problems in Science and Engineering

ISSN: 1741-5977 (Print) 1741-5985 (Online) Journal homepage: http://www.tandfonline.com/loi/gipe20

Determination of boundary condition of a multi-
crystalline silicon billet during continuous casting

Yan Hu, Yuzhen Zhao & Hai Hao

To cite this article: Yan Hu, Yuzhen Zhao & Hai Hao (2018): Determination of boundary condition
of a multi-crystalline silicon billet during continuous casting, Inverse Problems in Science and
Engineering, DOI: 10.1080/17415977.2018.1454446

To link to this article:  https://doi.org/10.1080/17415977.2018.1454446

Published online: 23 Mar 2018.

Submit your article to this journal 

Article views: 23

View Crossmark data

http://www.tandfonline.com/action/journalInformation?journalCode=gipe20
http://www.tandfonline.com/loi/gipe20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/17415977.2018.1454446
https://doi.org/10.1080/17415977.2018.1454446
http://www.tandfonline.com/action/authorSubmission?journalCode=gipe20&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=gipe20&show=instructions
http://crossmark.crossref.org/dialog/?doi=10.1080/17415977.2018.1454446&domain=pdf&date_stamp=2018-03-23
http://crossmark.crossref.org/dialog/?doi=10.1080/17415977.2018.1454446&domain=pdf&date_stamp=2018-03-23


Inverse Problems In scIence and engIneerIng, 2018
https://doi.org/10.1080/17415977.2018.1454446

Determination of boundary condition of a multi-crystalline 
silicon billet during continuous casting
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Key laboratory of solidification control and digital Preparation Technology, school of materials science and 
engineering, dalian University of Technology, dalian, china

ABSTRACT
Boundary conditions are always complicated and not readily available 
during continuous casting, especially for the multi-crystalline silicon 
materials. In order to improve the situation, the temperature variation 
curves for certain points in the multi-crystalline silicon have been 
obtained using the experimental apparatus under different cooling 
conditions. Based on the temperature measurements, the heat 
transfer coefficients in the second cooling zone and the interface 
between the multi-crystalline silicon and mould or bottom block 
have been calculated applying the inverse method and numerical 
simulation. The calculated results have been validated by comparing 
the predicted temperatures with the measured ones.

1. Introduction

Due to the time-consuming and high costs of experimental investigations, many researches 
have been performed with the assistance of simulation models which are extremely flexible 
[1]. Numerical simulation, in general, is a powerful tool to obtain complete understanding 
of the physical phenomena and provides insight into the effects of various parameters 
without the need of the corresponding experiments. Moreover, it can be used to isolate the 
effects of various parameters, which is difficult or even impossible in reality [2]. The appli-
cation of a simulation model for feasibility prediction requires high accuracy. Therefore, 
developing a simulation model requires a detailed investigation of boundary conditions 
such as heat flux or heat transfer coefficients [3]. The heat flux or the heat transfer coeffi-
cients are crucial and need to be defined in simulation model. However, it is well known 
that accurate values of the heat flux or the heat transfer coefficients are difficult to obtain 
experimentally since they depend strongly on many parameters [4]. Therefore, using an 
inverse heat conduction problem (IHCP) focusing on the characteristics of the temperature 
field in solidification and related processes will be an ideal approach to obtain the optimum 
boundary conditions [5–8].

If the heat flux or temperature histories at the surface of a solid are known as a function 
of time, the temperature distribution within the solid can be determined by solving the heat 
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conduction equation along with the appropriate boundary conditions using analytical or 
numerical solution method. This is termed a direct problem. However, in many dynamic 
heat transfer situations, the surface heat flux or the temperature histories of a solid are 
unknown and derived from transient temperature measurements at one or more interior 
locations. The IHCP is the estimation of the surface heat flux history given one or more 
measured temperature profiles inside a heat conducting body [9]. Since inverse problems 
are often ill posed, it is much more difficult to solve them as compared with the direct heat 
conduction problem [10].

Taking advantage of the temperature information measured by the thermocouples buried 
in the heat-conducting body, the heat flux or the heat transfer coefficients can be predicted 
with the inverse heat conduction during a continuous casting process. Over the last decade, 
IHCP has been used for processing the heat flux or the heat transfer coefficients. Du et 
al. [11,12] applied an inverse algorithm to calculate the heat flux of solidifying steel plate 
and developed the stress model and the thermal model based on the calculated heat flux 
to reveal the complex mechanical behaviour and the thermal behaviour of the continuous 
casting steel slabs. In addition, Chen et al. [13] estimated the heat flux at the metal/mould 
interface in slab continuous casting by the inverse algorithm. Yin et al. [14] calculated the 
mould distortion, the shell thickness and the gap size by inversely calculating the heat flux 
between the mould and the steel billet. Hetmaniok et al. [15] presented the IHCP procedure 
for determining the heat flux of the continuous casting aluminium billet. Wang et al. [16] 
established an inverse problem based on two-dimensional model for the slab continuous 
casting and achieved the heat flux between the strand and the mould. Słota [17] presented 
an inverse algorithm reconstructing the boundary conditions (the heat flux and the heat 
transfer coefficient) to estimate the cooling condition of continuous casting aluminium 
billet. Nowak et al. [18] developed a three-dimensional numerical solution of the inverse 
boundary problem for a continuous casting process of an aluminium alloy and achieved 
the heat flux along the external surface of the billet. Nawrat et al. [19] identified the heat 
flux at the metal/mould interface in copper billet continuous casting by the inverse anal-
ysis. Santos et al. [20] evaluated the transient interfacial heat transfer coefficient along the 
secondary cooling zone in steel billet continuous casting by the inverse method. To date, 
however, rather limited similar research on the continuous casting multi-crystalline silicon 
has been reported.

In order to acquire a deep insight into the real continuous casting process of the mul-
ti-crystalline silicon, it is very important to be able to calculate the real situations associated 
with the thermal behaviours during the continuous casting process. Hence, combining the 
inverse algorithm with the temperature measurements is the key problem. The present 
study describes a method for obtaining the heat flux and the heat transfer coefficient of 
a multi-crystalline silicon billet during continuous casting. It may provide a worthwhile 
calculation method for exploring the complex process of continuous cast multi-crystalline 
silicon [21].

2. Experimental procedure

The experimental set-up, as depicted in Figure 1(a), has been designed firstly in our research. 
Figure 1(b) shows the photo of a round billet casting during the experimental process. The 
heating system was used to melt multi-crystalline silicon material and keep liquid state at 
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1560 °C. The molten silicon was poured into the copper mould at the pouring temperature 
1560 °C. The copper bottom block and the copper mould were both water-cooled to permit 
heat extraction through their water-cooled surfaces. The billet with dimension 0.1 m in 
diameter was cast by the driving system at the casting speed of 0.001 m s−1.

As shown in Figure 2(a), in order to detect heat transfer behaviour during continuous 
casting, two W-Re 5/26 thermocouples were imposed into the liquid silicon. They are placed 
in two different positions: T1 is 0.034 and 0.042 m from the internal wall of the copper 
mould and the bottom block and T2 is 0.03 and 0.05 m from the internal wall of the copper 
mould and the bottom block, respectively. The temperature recording interval is 1 s. The 
accuracy of the measuring instruments for temperature and location are 0.2% Full Scale 
and 0.00005 m, respectively. The evolution of temperature on the measuring locations in 
the liquid silicon is shown in Figure 2(b).

The thermocouples were broken after the complete solidification of liquid silicon. 
Therefore, the temperature measuring process was divided into two stages. One stage was 
as mentioned above. Another stage was a cooling experiment using the silicon billet achieved 
during the continuous casting experiment. In order to provide the temperature values for 

Figure 1. (a) schematic of experiment set-up and (b) photo of a round billet casting.

Figure 2.  (a) schematic of measuring temperature during solidification and (b) comparison of the 
temperature between the experiment and simulation at points T1 and T2.
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the inverse heat conduction calculation, the billet was heated to 1000 °C and then cooled 
down to ambient temperature under two different cooling conditions: air cooling of the 
billet side wall and block cooling of the billet bottom.

In order to better illustrate the thermocouple location in the following contents, 
centrelines of the two different cooling surfaces are specified in one half of the billet, as 
shown in Figure 3.

Two thermocouples were buried inside the billet with the position of the centreline of 
the air cooling surface and of 0.005 m (T3) and 0.01 m (T4) from the air cooling surface, 
respectively，as presented in Figure 4(a). The evolution of temperature at points T3 and 
T4 is shown in Figure 4(b).

The schematic of measuring temperature during bottom block cooling of the billet bot-
tom and the evolution of temperature at points T5 and T6 are shown in Figure 5. The ther-
mocouples T5 and T6 were set in the centreline of the bottom block cooling surface and 
located 0.005 and 0.01 m away from the surface, respectively.

3. Mathematical description

In order to determine the heat flux and the heat transfer coefficient at the air cooling surface 
and at the bottom block cooling surface based on the measured temperature profiles of 

Figure 3. schematic of one half of the billet.

Figure 4. (a) schematic of measuring temperature during air cooling and (b) comparison of the temperature 
between the experiment and simulation at points T3 and T4.
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the specified points within the billet, inverse problem method was applied in heat transfer 
calculation of the billet. Assumptions are made to simplify the inverse heat conduction 
calculation in the billet, as follows: (i) the heat transfer caused by the air cooling or the 
bottom block cooling in the billet is one-dimensional, (ii) the heat flux across the air cooling 
surface and the bottom block cooling surface is everywhere the same at the same time, (iii) 
the temperature distribution of the copper bottom block is assumed to be uniform and the 
temperature is 20 °C, and the cooling air temperature is 25 °C, (iv) the thermal conductivity 
of the silicon billet is assumed to be 22 W m−1 K−1 [22].

3.1. Direct heat conduction problem

3.1.1. Fourier’s law
Fourier’s law of heat conduction [23] can be expressed as Equation (1):
 

where q is the heat flux, n is the heat flux direction, λ is the thermal conductivity of silicon 
and T is the temperature.

3.1.2. Partial differential equation of heat conduction
According to the energy conservation and the Fourier’s law, the temperature field in the 
conducting billet can be given by Equation (2), namely the partial differential equation of 
the heat conduction [24]:
 

where x, y, z are the three-dimensional coordinate axes, q̇ is the internal heat, ρ is silicon 
density, c is the effective specific heat of silicon and t is the time.

Under one-dimensional heat conduction system with no internal heat, the appropriate 
form of the heat equation, Equation (3), is

 

(1)q = −��T∕�n

(2)𝜆

(

𝜕2T∕𝜕x
2
+ 𝜕2T∕𝜕y

2
+ 𝜕2T∕𝜕z

2
)

+ q̇ = 𝜌c𝜕T∕𝜕t

(3)��2T∕�x2 = �c�T∕�t

Figure 5. (a) schematic of measuring temperature during bottom block cooling and (b) comparison of 
the temperature between the experiment and simulation at points T5 and T6.
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In the present work, x represents the one-dimensional heat extraction direction. It is parallel 
to the centrelines direction of the air cooling surface or the bottom block cooling surface, 
respectively, as shown in Figures 4(a) and 5(a).

3.1.3. Newton’s law of cooling
The heat flux can also be computed by Equation (4), which is known as Newton’s law of 
cooling:
 

where hc is the convective heat transfer coefficient, Tw is the billet wall temperature and Ta 
is the air temperature. The subscript w and a represent the billet wall and air, respectively.

3.2. Initial and boundary conditions

Complete solutions (integration) of governing partial differential equations for temperature 
response require specifying boundary conditions on body temperature function regarding 
its initial state and its behaviour at both internal and external boundaries of the body [23].

3.2.1. Initial conduction
If T = T (x, t), the dependent variable temperature T is related to independent variables 
time t and spatial location x in the conducting body. The initial condition is the statement 
that in the beginning (i.e. at the time t = 0 s). It can be expressed as Equation (5) during 
unsteady-state heat conduction:
 

where T0 is a constant temperature value at t = 0 s.
In the present work, T0 is equal to the heated billet temperature under the two different 

cooling conditions.

3.2.2. Boundary condition
In the boundary condition of the first kind, at the boundaries of the problem domain tem-
peratures are prescribed. The boundary condition can be written as Equation (6) during 
unsteady-state heat conduction.
 

In the boundary condition of the second kind, the heat flux qw is assumed to be of known 
value (either constant value or a known function of time) at the boundary. The boundary 
condition can be written as Equation (7) during unsteady-state heat conduction.
 

where qw is the heat flux across the billet wall.
In the present work, the heat flux across the air cooling surface or the bottom block 

cooling surface can be expressed by Equation (7).
The boundary condition of the third kind occurs when the boundary is adjacent to a 

fluid, which gives (or takes) heat to the conducting medium by convection. This is also a 

(4)q = hc
(

Tw − Ta

)

(5)T(x, 0) = T
0

(6)t > 0,Tw = Tw(x, t)

(7)t > 0,qw = −𝜆(𝜕T∕𝜕x)w
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special case of flux boundary condition in which the flux of Equation (7) is a convective 
flux. Consequently, the boundary condition of the third kind can be written as Equation (8).

 

Equation (8) can be also applied to the heated or the cooled solid [25]. Then, Equation (8) 
can be expressed by Equation (9):
 

where hi is the interfacial heat transfer coefficient, Twb is the bottom block wall temperature. 
The subscript wb represents the bottom block wall.

In the present work, boundary condition of the air cooling surface and the bottom block 
cooling surface can be expressed by Equations (8) and (9), respectively.

When qw or hc or hi is an unknown value at the boundary, the inverse analysis is an 
important and effective method to achieve these values.

3.3. Inverse heat conduction problem

The conversion of differential equations into a difference (i.e. algebraic) form can be achieved 
applying heat balance method for the solution variable [26]. If T = T (x, t), Equation (3) 
can be given by Equation (10):
 

Similarly, Equation (1) can be given by Equation (11):
 

where Δx is the step size, Δt is the time step and qx is the heat flux in x direction.
In the present work, the heat flux across the air cooling surface can be expressed by 

Equation (12):
 

where T3(t) is shown in Figure 4(b), Tacs(t) is the air cooling surface temperature and Δx is 
equal to 0.005 m. The subscript acs represents the air cooling surface.

The air cooling surface temperature can be obtained from Equation (13):
 

where T3(t + Δt) and T4(t) are both shown in Figure 4(b) and Δt is equal to 1 s.
Similarly, the heat flux across the bottom block cooling surface can be expressed by 

Equation (14):
 

(8)−�(�T∕�x)w = hc
(

Tw − Ta

)

(9)−�(�T∕�x)w = hi
(

Tw − Twb

)

(10)�
[

Tx+1(t) − 2Tx(t) + Tx−1(t)
]

∕(Δx)
2
= �c

[

Tx(t + Δt) − Tx(t)
]

∕Δt

(11)qx = −�
[

Tx(t) − Tx−1(t)
]

∕Δx

(12)q
acs

= −�
[

T
3
(t) − T

acs
(t)

]

∕Δx

(13)�
[

T
4
(t) − 2T

3
(t) + T

acs
(t)

]

∕(Δx)
2
= �c

[

T
3
(t + Δt) − T

3
(t)

]

∕Δt

(14)q
bcs

= −�
[

T
5
(t) − T

bcs
(t)

]

∕Δx
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The bottom block cooling surface temperature can be obtained from Equation (15):
 

where Tbcs(t) is the bottom block cooling surface temperature. T5(t), T5(t + Δt) and T6(t) 
are all shown in Figure 5(b). The subscript bcs represents the bottom block cooling surface.

Therefore, convective heat transfer coefficient of the air cooling surface (hc) and the 
heat transfer coefficient of the interface between the billet and the bottom block (hi) can be 
expressed by Equations (16) and (17), respectively.

 

 

4. Results and discussion

Some slight fluctuations caused by the curve fitting have little effects on the overall change 
trend of heat flux and heat transfer coefficient. Accordingly, only the main trends of the 
results in the following contents were analysed, however, the fluctuations caused by the 
curve fitting were ignored.

4.1. Determination of boundary condition at the air cooling surface by IHCP

The evolution of temperature at points T3 and T4 and the Equations (12), (13) and (16) were 
used to calculate the heat flux and the heat transfer coefficients at the air cooling surface. 
The calculated results obtained by inverse analysis are shown in Figure 6.

As illustrated in Figure 6(a), the heat flux increases to the maximum value of about 
53 kW m−2 at around 101 s and then reduces gradually. It remains at approximately 4 kW m−2 
at the end. This tendency is accordant with the results in the literature [27]. At the early 

(15)�
[

T
6
(t) − 2T

5
(t) + T

bcs
(t)

]

∕(Δx)2 = �c
[

T
5
(t + Δt) − T

5
(t)

]

∕Δt

(16)hc
(

T
acs

)

= q
acs
∕
[

T
acs
(t) − Ta

]

(17)hi
(

T
bcs

)

= q
bcs
∕
[

T
bcs
(t) − Twb

]

Figure 6. (a) evolution of heat flux with time and (b) evolution of heat transfer coefficient and heat flux 
with temperature of the air cooling surface.
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stage of cooling, it needs time to make heat transfer process between the billet side wall and 
the cooling air stable [28]. Therefore, the gradual formation of the perfect contact between 
the billet side wall and the cooling air results in a rapid increase of cooling rate and heat 
exchange from the billet to the air. Consequently, the heat flux increases and then reaches 
its maximum value. Subsequently, the gradual decreasing of heat flux can be attributed to 
the decreasing of the air cooling surface temperature. At the last stage, the temperature 
difference between the surface and the air trends to be zero, causing the heat flux becomes 
a constant value eventually [29].

As depicted in Figure 6(b), the heat transfer coefficient gradually increases to approx-
imately 77  W  m−2  K−1 at a certain surface temperature ranging from 800 to 683  °C as 
the surface temperature decreases. Below this temperature, the heat transfer coefficient 
decreases slowly. Finally, it remains at a constant value about 10 W m−2 K−1 at 463 °C. At 
the beginning of cooling, the contact of the hot surface with the cooling air has caused 
significant increment in heat flux [30]. Furthermore, the air cooling surface temperature 
decreases. Therefore, the heat transfer coefficient gradually increases at the initial cooling 
stage. Subsequently, the heat transfer coefficient reaches its maximum value at about 683 °C 
and then decreases slowly. That is because the air convection is reduced with decreasing the 
surface temperature, contributing to the decrease of the heat transfer rate [25,31]. At the 
last cooling stage, the heat flux nearly keeps the constant value，resulting in the constant 
heat transfer coefficient.

4.2. Determination of boundary condition at the bottom block cooling surface by 
IHCP

Similarly, the evolution of temperature at points T5 and T6 and the Equations (14), (15) and 
(17) were used to calculate the heat flux and the heat transfer coefficient at the bottom block 
cooling surface. The calculated results obtained by inverse analysis are shown in Figure 7.

As shown in Figure 7(a), the extracted heat flux presents strong fluctuations during ini-
tially cooling period. It can be attributed to the fact that there is large temperature difference 
and non-uniform temperature distribution at the contact surface between the heated billet 
and the water-cooled bottom block [32]. These fluctuations disappear after about 147 s 

Figure 7. (a) evolution of heat flux with time and (b) evolution of heat transfer coefficient and heat flux 
with temperature of the bottom block cooling surface.
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when there is a uniform and stable cooling condition at the contact surface. Then the heat 
flux reaches the maximum value of 188 kW m−2 and gradually decreases with the increase 
of the cooling time.

As illustrated in Figure 7(b), the heat transfer coefficient is small initially and then 
increases as the bottom block cooling surface temperature decreases. There is a turning 
point at about 310 °C, where the heat transfer coefficient increases to the peak value of 
around 637 W m−2 K−1 and then starts to drop. At the early stage of the bottom block cool-
ing, the billet is much hotter than the bottom block and there is more heat flux across the 
interface between the billet and the bottom block. However, the heat transfer coefficient is 
small at the early stage because it is inversely proportional to the temperature difference 
between the billet and the bottom block. The increase of the heat transfer coefficient as the 
cooling proceeds can be ascribed to the decrease of the temperature difference between the 
billet and the bottom block and the increase of the heat flux. After reaching the maximum 
value at about 310 °C, the heat transfer coefficient subsequently declines. This is because 
the temperature difference between the billet and the bottom block gradually reduces with 
decreasing surface temperature, leading to the decrease of the heat transfer rate and the 
heat flux [33].

4.3. Determination and validation of boundary condition by numerical simulation

The results obtained from the above methods are related to the cooling of solid billet 
in a certain temperature range. As follows: the interfacial heat transfer coefficients are 
0–80 W m−2 K−1 for billet/air and 100–650 W m−2 K−1 for billet/bottom when the interfacial 
temperatures below 780 °C for billet/air and 566 °C for billet/bottom, which can be observed 
from Figures 6(b) and 7(b). The liquidus and the solidus temperatures of multi-crystalline 
silicon are 1414 and 1390 °C, respectively. In order to obtain the continuous boundary 
conditions during the multi-crystalline silicon continuous casting, it is necessary to know 
the interfacial heat transfer coefficients of billet/air and billet/bottom when the interfacial 
temperature ranges are 780–1390 °C for billet/air and 566–1390 °C for billet/bottom. When 
the silicon temperature is above 1390 °C, the interfacial heat transfer coefficients of liquid/
mould and liquid/bottom should be known, too. Therefore, in the present work, commercial 
software ProCAST was used to estimate the unknown boundary condition. Constant heat 
transfer coefficients for boundary condition are assumed during the simulation.

4.3.1. Heat transfer model
A heat transfer model was applied in which the temperature field could be determined by 
solving the governing equation shown in Equation (2).

4.3.2. Thermo-physical properties
The detailed thermo-physical properties used in the simulation were given in the author’s 
another paper [22].

4.3.3. Initial condition
The copper mould and the bottom block are both assumed to be 20 °C. The pouring tem-
perature of the multi-crystalline silicon is 1560 °C.
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4.3.4. Boundary condition
The boundary condition of the numerical simulation can be expressed by Equations (8) 
and (9). In this section, the results obtained from the inverse analysis, as shown in Figures 
6(b) and 7(b), were used as a part of the boundary condition of the simulation. In this 
work, the unknown boundary condition included the interfacial heat transfer coefficients of 
liquid/mould, liquid/bottom, billet/air (when the interfacial temperature between 780 and 
1390 °C) and billet/bottom (when the interfacial temperature between 566 and 1390 °C), 
as presented in Figure 8.

4.3.5. Determination and validation of heat transfer coefficients for boundary 
condition
The detailed procedure used to determine the unknown heat transfer coefficients is shown 
in Figure 9.

The interfacial heat transfer coefficients of liquid/mould and liquid/bottom are assumed 
as 300–4000 and 1000–5000 W m−2 K−1, respectively, during the numerical simulation. 
When the interfacial heat transfer coefficients of liquid/mould and liquid/bottom are 1000 
and 3000 W m−2 K−1, respectively, a reasonable agreement of the temperature between 
the experiment and simulation during solidification of liquid multi-crystalline silicon is 
achieved, as shown in Figure 2(b). Similarly, when the interfacial heat transfer coefficients 
of billet/air (when the interfacial temperature between 780 and 1390 °C) and billet/bottom 
(when the interfacial temperature between 566 and 1390 °C) are 500 and 1500 W m−2 K−1, 
respectively, the simulation results are in fair agreement with the corresponding experimen-
tal results, as shown in Figures 4(b) and 5(b). Because the results obtained from the inverse 
analysis, as shown in Figures 6(b) and 7(b), were used as a part of the boundary condition 
of the simulation, the numerical simulation not only obtained the unknown boundary heat 
transfer coefficients, but also validated the accuracy of the inverse boundary heat transfer 
coefficients, as shown in Figures 2(b), 4(b) and 5(b).

Figure 8. boundaries of silicon billet (a) in the copper mould and (b) out of the copper mould.
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5. Conclusions

In this paper, the boundary condition of a multi-crystalline silicon billet during continuous 
casting has been obtained with the help of the inverse algorithm and the simulation. The 
conclusions are as follows:

(1)  When the silicon temperature is above 1390  °C, the interfacial heat transfer 
coefficients of liquid/mould and liquid/bottom are 1000 and 3000  W  m−2  K−1, 
respectively;

(2)  When the air cooling surface temperatures of silicon billet are 1390–780 and below 
780 °C, respectively, the convective heat transfer coefficients of billet/air in the 
secondary cooling zone are 500 and 0–80 W m−2 K−1;

(3)  When the bottom block cooling surface temperatures of silicon billet are 1390–566 
and below 566 °C, respectively, the heat transfer coefficients of billet/bottom are 
1500 and 100–650 W m−2 K−1.

Because there is a lack of knowledge about the boundary condition for the multi-crystal-
line silicon continuous casting in the scientific literature, the results obtained here might be 
particularly useful in the numerical simulation and in the practice production as a guidance. 

Figure 9. Flow chart for determining heat transfer coefficient.
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The extension of this investigation to the silicon billet microstructure during continuous 
casting will be the subject of the future work.

Nomenclature

C  effective specific heat of silicon, J kg−1 K−1

hc  convective heat transfer coefficient, W m−2 K−1

hi  interfacial heat transfer coefficient, W m−2 K−1

n  heat flux direction
q  heat flux, W m−2

q̇  internal heat, W m−3

qacs  heat flux across the air cooling surface, W m−2

qbcs  heat flux across the bottom block cooling surface, W m−2

qx  heat flux in x direction, W m−2

qw  heat flux across the billet wall, W m−2

t  time, s
T  temperature, °C
T0  constant temperature value at t = 0 s, °C
Ta  air temperature, °C
Tacs  air cooling surface temperature, °C
Tbcs  bottom block cooling surface temperature, °C
Tw  billet wall temperature, °C
Twb  bottom block wall temperature, °C
x,y,z  three-dimensional coordinate axes
Δx  step size, m
Δt  time step, s

Greek symbols

λ thermal conductivity of silicon, W m−1 K−1

ρ silicon density, kg m−3

Subscripts

a  air
acs  air cooling surface
bcs  bottom block cooling surface
w  billet wall
wb  bottom block wall
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